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Abstract 

A divergence free frame on a closed three manifold is called regular 
if every solution of the linear Fueter equation is constant and is called 
singular otherwise. The set of singular divergence free frames is an 
analogue of the Maslov cycle. Regular divergence free frames satisfy an 
analogue of the Arnold conjecture for flat hypcrkahlcr target manifolds. 
The Seiberg-Witten equations can be viewed as gauged versions of 
the Fueter equation, and so can the Donaldson-Thomas equations on 
certain seven dimensional product manifolds. 



1 The Fueter Equation 

Let M be a closed oriented three manifold and cIvoIm G Q 3 (M) be a positive 
volume form. Then M is parallelizable and a theorem of Gromov [18] asserts 
that every frame of TM can be deformed to a divergence free frame. The 
space of positive divergence free frames will be denoted by 



(vi,v 2 ,v 3 ) e Vect(M) ; 



di(^i)dvolM = for i = 1, 2, 3 
and dvoUf (v i, i>2, V3) > on M 



Thus y is a subset of the space & of positive frames. At hrst glance one 
might expect an analogy between the inclusion "V and the inclusion 

of the space of symplectic forms into the space of all nondegenerate 2-forms. 
However, in contrast to the symplectic setting, the h-principle rules and the 
inclusion of "¥ into & is a homotopy equivalence (see Appendix |B|) . 
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Associated to every divergence free frame v = (v i, i>2, ^3) is a self-adjoint 
Fredholm operator defined as follows. Let M denote the space of quater- 
nions and write the elements of M in the form x = xq + \x\ + jx2 + kx3 with 
xq, xi, X2, x 3 G R. Define the complex structures I\, I2,I 3 and J±,J2,J 3 on 
M as right and left multiplication by i,j,k, respectively. Thus, for x G H, 

J\x := ix, J2X := jx, J 3 x := kx, 

I\x := — xi, I2X := — xj, I 3 x := — xk. 

Given a divergence free frame v = (vi,V2,v 3 ) G ^ define the linear first 
order differential operator V : n°(M,M) 0°(M,H) by 

0J :=Jid v J + J 2 d V2 f + J 3 d vs f. (3) 

This is the Fueter operator |13tll4|. It commutes with Ii for i = 1, 2, 3 and 

hence is equivariant under the right action of the quaternions on Q°(M, H). 
The divergence free condition asserts that is symmetric with respect to 
the L 2 inner product on 0°(M, H) determined by the volume form. Denote 
this inner product by (f,g) L 2 '■= f M (f,g)dvolM- The notation ([3]) extends 
to any triple of divergence free vector fields and still defines a symmetric 
operator. However, is self-adjoint only when v is also a frame. 

Lemma 1.1. Let v = (v u v 2 , v 3 ) G V . Then V : W 1,2 (M,M) -> L 2 (M,M) 
is a symmetric operator and, for every f 6 L 2 (M,M), 

sup \iliMiA <oq ^ feW l ' 2 (M,M). (4) 
o^ ff en°(M,H) \\9\\l 2 

Proof. That the operator is symmetric is obvious. To prove define the 
divergence free vector fields w±, W2,w 3 G Vect(M) by 

wi := [v 2 ,v 3 ], w 2 := [v3,vi], w 3 := [vi,v 2 \. (5) 

(Here and throughout I use the sign convention C\ UjV ] = —[C U ,C V ] for the 
Lie bracket of two vector fields u,v G Vect(M).) Then 

3 

V V = -J? V -0 W , J? v :=J2dvAi- (6) 

i=i 

Hence, taking g = h in (j^J), we find 

sup 1 — — — i^- 1 < 00 => sup — — — < 00. 

gj^o \\g\\L 2 h^o INIvy 1 * 2 

Now it follows from standard elliptic regularity for the second order operator 
.Sf„ that / G W 1 ' 2 (M, H). This proves Lemma O □ 
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By Lemma O and Lemma EH V : W 1,2 (M, H) L 2 (M,H) is a self- 
adjoint index zero Fredholm operator for every v G *f . Its kernel consists of 
smooth functions, by elliptic regularity, and contains the constant functions. 
The dimension of the kernel is divisible by four. 

Definition 1.2. A divergence free frame v G is called regular if every 
solution / G 0°(M, H) of the linear Fueter equation f = is constant. 
Otherwise v is called singular. Let C Y be the set of frames with 
dim ker^ = 4(k + 1). Then the set of regular, respectively singular, diver- 
gence free frames is y re & := respectively y sm & := \J ( £L 1 

Lemma 1.3. The set y rc & is open and dense in "V . 

Proof. Fix any divergence free frame v G and let w = (wi,W2,W3) be 
given by ©. Consider the operator family D(s) := V+SW from Wq ,2 (M, M) 
to Lq(M, H). (The subscript zero stands for mean value zero.) The path 
s i-> D(s) is differentiable and its derivative at s = is D(0) = $ w . By ([6]), 



for all f,g G W 1,2 (M,H) with ^/ = 0„ 5 = 0. Hence the path s h-> 
has a positive definite crossing form at s = 0. Hence, by Lemma lA.21 the 
operator V+SW : Wq' 2 {M,W) -> L§(M,H) is bijective for s ^ sufficiently 
small and so u + sw G ^ reg for small s ^ 0. Thus ^ /rcg is dense in "V . That 



Remark 1.4. Starting from the model case of quaternionic-hermitian ma- 
trices one might expect ^ to be a Frechet submanifold of "V , or a Hilbert 
submanifold in a suitable Sobolev completion, of codimension 2k 2 — k. (This 
is easy to prove for k = 1.) It would then follow that every path s4d s 
in y, with endpoints in can be deformed to a path that is transverse 
to Y\ and misses % for k > 1. Then the path s i— > $ vS has only regular 
crossings and its spectral flow is the intersection number with "V\. 

Remark 1.5. A loop of divergence free frames with nonzero spectral flow, 
if it exists, has infinite order in 7ri(^). The existence of such a loop would 
prove that Y smg ^ 0. Also: if the fundamental group of a connected com- 
ponent V C f is finite and Y sing n V ^ 0, then the spectral flow of a path 
with endpoints in y rc & n depends only on the endpoints, so "V xc & n "3^' is 
disconnected. (This holds for the component "V' of the standard frame on S 3 , 
as r sin § n r' ^ by Example^ and = ^i(Map deg=0 (S 3 , SO(3))), 

so there is an exact sequence Z2 = 7Ti(Map dcg=0 (5 3 , S 3 )) — > tt\^V) — > 1>2-) 
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y re & is an open subset of "V is obvious. 



□ 
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Remark 1.6 (Dual Frame). Let «ef and denote by ai, 02, «3 € fi 1 (M) 
the dual frame so that ai(i>j) = Sij. Define a metric on M by 

3 

(it, i>) := aj(u)cti(i;), u, u G T y M. (7) 

i=l 

Then the vector fields i>i , i>2, i>3 form an orthonormal frame and the volume 
form is a\ A ot2 A 03. It does not, in general, agree with dvolM- They agree 
up to a constant factor if and only if the 2-forms ctj A otk are closed. To see 
this, define A := dvolj^f (v±, 1*2, 1*3). Then t(i>j)dvoljvf = Aay A ctk for every 
cyclic permutation i,j, k of 1,2,3. If atj A is closed for j ^ k it follows 
that dA A ay A 0^ = 0, hence c^A = for all i, and hence A is constant. 

Remark 1.7 (Laplace Beltrami Operator). The pointwise norm of the 
differential df of a function / : M — > M with respect to the metric ([7]) is given 
by \df\ 2 = Yli \®vif\ ■ If the function A := dvolAf(wi, «2> ^3) is constant, 
then ££ v is the Laplace-Beltrami operator of the metric ([7]). Otherwise 
it is the composition of d and its formal adjoint with respect to the I? 
inner products on functions and 1-forms associated to the pointwise inner 
products of the metric (J7]) and the volume form dvolj^. It is then related to 
the Laplace-Beltrami operator by the formula 

&vf = -\d*(Xdf) = -d*df + i ^2(d Vi \)d Vi f 

i 

for / € ft°(M,H). 

Definition 1.8. A divergence free frame (i>i, i>2, 1*3) £ Y{M, dvoljvf) is called 
normal if dvoiM^i, ^3) = 1- 

Lemma 1.9. Every positive regular (respectively singular) divergence free 
frame v £ Y(M, dvoU./) can be deformed through regular (respectively sin- 
gular) divergence free frames to a normal regular (respectively singular) di- 
vergence free frame. 

Proof. Let v € "^ reg (M, dvolM) and A := dvoljvf(i>i, V2, V3). Define 
p t := qA 7 dvoU/, v i t ■■= c t A x i/j, 



J M A'/2 d vol M • 

Then 1^ := (i>i.t, i»2,t, f3,t) £ ^ reg (M, p t ) for every t. Second, i>£ is equal 
to u for t = and is a normal frame for i = 1. Third, po = dvolM and 
f M Pt = | M dvoW for all t. By Moser isotopy, choose a smooth isotopy 
[0, 1] — s> Diff(M) : 1 4> t such that O = id and 4>tPt = dvol A/ for all t. The 
required isotopy of regular frames is (j)*vt £ ^ rcg (M, dvoU/), < t < 1. □ 
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2 Examples 



Fix a divergence free frame v G Y(M, cIvoim) and let a\,a 2 ,a 3 € fi 1 (M) 
be the dual frame (see Remark 1 1 . 6|) . For i = 1,2,3 define coi € f2 2 (HI) by 
Ui = <1xq A dxi + dxj A drc^, where i.j.k is a cyclic permutation of 1,2,3. 
Let f : M — > H be a smooth map and abbreviate |c£/| := 2_ Ji \d Vi f\ . Then 
there is an energy identity 

\f \df\ 2 dvol M = \ [ \0 v f\ 2 dvol M - E / OiA/V- (8) 

z JM ^ JM i JM 

This continues to hold for maps from M to any hyperkahler manifold X. 

Example 2.1. Consider the 3-torus M = T 3 = R 3 /Z 3 . Every linearly 
independent triple of constant vector fields v\,v 2 ,v 3 is a regular divergence 
free frame. Namely, the dual frame consists of closed 1-forms, hence the 
second term on the right in ([8]) vanishes for functions / : M — > H, and 
hence every solution of the Fueter equation is constant. 

Example 2.2. Consider the 3-sphere M = 5 3 C H with the volume form 
dvol A/ = yody 1 dy 2 dy 3 - yidy dy 2 dy 3 - y 2 dy dy 3 dyi - y 3 dy dyidy 2 and the 
frame 

vi(y) = iy, v 2 (y)=jy, v 3 (y) = ky. 
The Vi are divergence free and dvolM v 2 , v 3 ) = 1. The dual frame is 

ui = yodyi - yidy + y 2 dy 3 - y 3 dy 2 , 
a 2 = yody 2 - y 2 dy + y 3 dy 1 - yidy 3 , 
a 3 = yody 3 - 2/3%) + Vidy 2 - y 2 dy x . 

Note that [vj,Vk] = 2vi and dai = 2ctj A = 2i(fj)dvolM for every cyclic 
permutation i,j,k of 1,2,3. The energy identity © has the form 

\f \df\ 2 &vo\ M = \ f \0J\ 2 dvol M + [ (/,^/)dvol M . 

1 JM 1 JM JM 

(See (fTBj) and (fT7l) below.) Hence every solution / : M — > H of the Fueter 
equation is constant, so v is a normal regular divergence free frame. 

Example 2.3. Consider the 3-sphere M = 5 3 C I. The frame 

vi(y) = 2 2 / 3 iy, v 2 {y) = -2'^, v 3 (y) = -2" 1 / 3 ky, 

is a normal singular divergence free frame on the 3-sphere for the standard 
volume form. The obvious inclusion / : S 3 — >■ HI is a nonconstant solution 
of the Fueter equation. 
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Example 2.4. Consider the product M := S 1 x S 2 , where S 1 is the unit 
circle with coordinate e l9 and S 2 C M 3 is the unit sphere with coordi- 
nates 2/1,2/2,2/3- The standard volume form is dvoUf := dO A dvo^, where 
dvol S 2 := y±dy 2 dy 3 + y 2 dy 3 dyi + y 3 dyidy 2 . Define Vi,Wi, a*, $ by 

v i := + 2/3^—, «i := yiaf + 2/202/3 - 2/3^2/2, 

<9<9 52/3 ^2/2 

d d d 

w i := 2 2/i^Z + 2/3^— , A := 2/1^ + 5 (2/2%3 - 2/3^2/2) , 

961 6^2/3 ^2/2 2 

for i = 1 and by cyclic permutation for i = 2,3. Then ^1,^2,^3 is a diver- 
gence free orthonormal frame and ai,a 2 ,a 3 is the dual frame. Moreover, 
Wi = [vj,Vf.] and dfy = ay A = i(t^)dvoljw for every cyclic permutation 
k of 1, 2, 3. The energy identity © takes the form 

\f \df\ 2 dvo\ M = \ f |^/| 2 dvol M + \ [ (f,Mdvol M + tf(f), (9) 

z JM z JM z JM 

where 



for every cyclic permutation i, j, k of 1, 2, 3. For y € S 2 define 

:= 2/1W1 + 2/2^2 + 2/3^3 S 2 (EI). 

Then ^ 

*lf) = \J J *u v (d e fj)d0&vols2. (10) 

(This discussion extends to maps with values in any hyperkahler manifold X, 
if the second summand in ([9]) is replaced by sf (/) := — ^ f M A f*Ui and 
the integrand in (|10p by the symplectic action of the loop h-> f(e l9 , y) with 
respect to oj y .) The isoperimetric inequality asserts that 

\ r u y (d e f, f)d6< \ r \d e f\ 2 M, y G S 2 . (11) 
1 Jo 1 Jo 

This inequality is sharp (see [Ml Section 4.4]). Now let / : S 1 x S 2 -> H be 
a solution of the Fueter equation. By Q, (fTUj) . and (fTT]) it satisfies 

\f \df\ 2 &vo\ M = s7(f) <\ f |a 9 /| 2 dvol M . (12) 
1 Jm 1 Jm 

Since d/d9 = YliVi v i is a unit vector field, equality must hold in (fT2|) and 
|c?/| = \d$f\. Hence / is independent of the variable in S 2 . Thus the deriva- 
tive of / has rank one everywhere and so / is constant. This shows that 
vi,v 2 , ^3 is a normal regular divergence free frame. 
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3 Hyperkahler Floer Theory 



Fix a closed connected oriented 3-manifold M, a volume form dvoljvf on M, 
a divergence free frame v G ~f(M, dvoljv?)) and a closed hyperkahler man- 
ifold X with symplectic forms lui, 0J2 , W3 and complex structures J\ , J2 , J3 . 
Denote the hyperkahler metric on X by (-, •) = Wi(-,Jj-). Consider the 
Fueter equation with a Hamiltonian perturbation. It has the form 

Jid Vl f + J 2 d v J + J 3 d v J = VH(f) (13) 

for a map / : M — > X. The left hand side of (fT3|) will still be denoted by $ v f. 
The operator jzf should now be thought of as a vector field on the infinite 
dimensional space T := C°°(M, X) of all smooth maps from M to X. The 
perturbation is determined by a smooth function H : M x X — > K and Vi/ is 
the gradient with respect to the variable in X. A solution / of (JT3|) is called 
nondegenerate if the linearized operator of (|13p is bjective. The next 
theorem is a hyperkahler analogue of the Arnold conjecture for Hamiltonian 
systems on the torus as proved by Conley-Zehnder [3]. 

Theorem 3.1 (pQl ED QH Q2]). Assume v G r reg and X is /Hat 1/ every 
contractible solution of (|13p is nondegenerate then their number is bounded 
below by d\mH*{X; Z2). -ZVi particlar, (I13p /ias a contractible solution for 
every H . 

There are two proofs of Theorem 13.11 One is due to Sonja Hohloch, 
Gregor Noetzel, and the present author. It is based on a hyperkahler ana- 
logue of Floer theory and is carried out in [201 EI] for the 3-sphere and the 
3-torus. The second proof is due to Viktor Ginzburg and Doris Hein, is 
based on finite dimensional reduction, and is carried out in full generality 
in [161 117]. Both proofs rely on the following fundamental estimate. 

Lemma 3.2. Assume v € Y reg and X is flat. Then there is a constant c 
such that every contractible smooth map f : M — > X satisfies 

[ \dff dvol M < C f \0J\ 2 dvol M . (14) 
JM JM 

Proof. Since X is flat, it is isomorphic to a quotient of a torus M n /A by 
the free action of a finite group. Hence every contractible map / : M — > X 
lifts to a map from M to HP 1 . Thus it suffices to prove f)14[) for / : M — ¥ H. 
By Lemma O and Lemma EH the operator V : Ty o 1,2 (M,EI) -> L§(M,H) 
is Fredholm and has index zero. Since v £ ^ /re § ) this operator is bijective. 
Hence, for functions / : M — > M with mean value zero, (|14p follows from the 
inverse operator theorem. Adding a constant to / does not effect (]14p , □ 
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Here is an outline of the Floer theory proof of Theorem 13.11 The space 
T of maps from M to X carries a natural 1-form ^> f : Tf T —¥ R defined by 

*/(/) = E / /) dvo1 ^ ( 15 ) 

for a vector field / € Tyj 7 = 0°(Af, f*TX) along /. This 1-form is closed 
because the vector fields Vi are divergence free. 

Remark 3.3. Assume that the 2-forms /-(uj)dvolM are exact and choose 
1-forms ^ € Q l (M) such that dfii = i{vi)d\o\M for i = 1,2,3. Then the 
1-form ^ in (|15|) is the differential of the hyperkahler action functional 

^(/) : ="E / AA/*^, /eJ. (16) 

Remark 3.4. Assume AT is flat and let JFq C J- be the connected component 
of the constant maps. Then the restriction of \& to J-q is the differential of 
the action functional srf = srf v : J-q — > R, defined by 

**(f)-=l [ (f,0j)dvol M , /€Jb- (17) 

To understand the right hand side, lift / to a function with values in EI n and 
observe that the integrand is invariant under the action of the hyperkahler 
isometry group of M n . 



Assume from now on that X is flat. The contractible solutions of (1131) 
are the critical points of the perturbed hyperkahler action functional 

srfji = £/ v ^h ■ Fo — > Rj defined by 

s/ H (f) ■= *S{f) ~ [ H(f) dvol M , / € Jo- 

JM 

The gradient flow lines of s^h are the solutions u : R x M — >• A of the 
perturbed four dimensional Fueter equation 

d s u + J\d Vl u + J 2 d V2 u + Jzd Vs u = ViJ(tt), (18) 

lim = /*(!/). (19) 

s— >-oo 

Here G J-"o are solutions of (I13p . The convergence in (I19p is in the C°° 
topology on M and exponential in s. The solutions of (fTKj) and (fl~9j) satisfy 
the usual energy identity 



/OO /* 
/ |0 8 u|Mvd w da = ^ H (/") -*&(/+). (20) 
-oo JM 
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By Lemma |3,2[ the energy controls the W 1,2 -novms of the solutions of (|18p 
on every compact subset of R x M. Since the leading term in (|18p is a linear 
elliptic operator, this suffices for the standard regularity and compactness 
arguments in symplectic Floer theory to extend to the present setting. For 
M = S 3 the proof is carried out in detail in [2TJ Section 3] and the arguments 
extend verbatim to general three manifolds. The same holds for unique con- 
tinuation and transversality in [21} Section 4]. An index formula involving 
the spectral flow shows that there is a function fin '■ Crit(i^) — > Z such 
that the Fredholm index of the linearized operator of equation (j!8jl is equal 
to the difference Hh{J~) — ^H{f + ) for every solution u of (fT8|) and (fl9"j) 
(see [2TJ Section 4]). The third ingredient in the analysis is a gluing result 
and it follows from a standard adaptation of Floer 's gluing theorem [8| [9| I lOj 
to the hyperkahler setting. The upshot is, that the contractible solutions 
of (|13p generate a Floer chain complex 



with Z2 coefficients. Here To G Tro(J~) denotes the homotopy class of the 
constant maps. The Floer complex is graded by the index function and 
the boundary operator d : CF^ k (M, X, r ; v, H) ->• CF^(M, X, r ; v, H) is 
defined by the mod two count of the solutions of (|18p and (|19p (modulo 
time shift) in the case //#(/") — f l H(f + ) — 1- The hyperkahler Floer 
homology groups 



are independent of the regular Hamiltonian perturbation up to canonical iso- 
morphism. Theorem 13 . 1 1 then follows from the fact that HF^ k (M, X, tq; v, H) 
is isomorphic to Z2). For the standard divergence free frame on the 

3-sphere this was proved in |214 Section 5] and the argument again carries 
over verbatim to the general setting. 

Remark 3.5. Assume v 6 ^ reg , let X = M n /A be a hyperkahler torus, and 
let T T C T be a connected component of T . Then the unperturbed Fueter 
equation v f = may have a nonconstant solution /o £ J T . (Examples are 
discussed in [201 [21].) In this case ([T3]) cannot hold for / G T T . However, X 
is an additive group and, for / G J>, the difference f — fo lifts to a function 
with values in the universal cover HP. Hence it follows from Lemma [3.2l that 
there is a constant c T > such that every / G T T satisfies the inequality 



CF^ 



(M,X,r ;v,H):= Z 2 f 



/eCrittefe) 



HFf (M,X,t -v,H) := ker d/imd 




9 



Moreover, the restriction of the 1-form ^ in (|15p to T T is still exact. It is 
the differential of the action functional srf T : T T —¥M given by 

■<(/) := \ [ </- /o,^/)dvoW, / € T T . 

A JM 

To understand this, use the fact that the tangent bundle of X is trivial, 
lift / — /o to a function with values in HI' 1 , and note that the integral is 
independent of the choice of the lift. Thus the construction of the Floer 
homology groups carries over to T T . In favourable cases the Floer homo- 
logy groups HF* (M, X, r; v, H) can be computed with the methods of [30] , 
They are invariant under the action of the group of volume preserving dif- 
feomorphism of M on the set of triples (t,v,H). In general, they will not 
be invariant under deformation of the divergence free frame v. 

Remark 3.6. It would be interesting to understand the behavior of the 
solutions of the Fueter equation (|13h as v approaches a singular frame. 

Remark 3.7. Another interesting question is whether the construction of 
the Floer homology groups can be extended to nonflat target manifolds X. 
The key obstacle is noncompactness for the solutions to the Fueter equation. 
The expected phenomenon, which can be demonstrated in examples, is bub- 
bling along codimension two submanifolds of M. Important progress in un- 
derstanding this phenomenon was recently made by Thomas Walpuski [34] . 
His work will be an essential ingredient in the conjectural development of a 
general hyperkahler Floer theory. 

4 Relation to Donaldson— Thomas Theory 

The discussion in this section is speculative. It concerns the relation between 
the Donaldson-Thomas-Floer theory of a product manifold Y = M x E 
(where E is a hyperkahler four manifold) and hyperkahler Floer theory. 

Let Y be a closed connected 7- manifold. A 3- form (f> G Q 3 (Y) is called 
nondegenerate if, for any two linearly independent tangent vectors u,v, 
there is a third tangent vector w such that <f>(u, v, w) ^ 0. Every nondegen- 
erate 3-form cj) determines a unique Riemannian metric on Y such that the 
bilinear form (u,v) h>«xd on TY, defined by x v, u>) := 4>{u, v, w), is a 
cross product, i.e. it satisfies \u x v\ 2 = \u\ 2 \v\ 2 — (u,v) 2 for all u, v G T y Y 
(see e.g. [32]). A nondegenerate 3-form also determines a unique orientation 
on Y such that the 7-form i(u)(fi A i{u)(j) A (j) is positive for every nonzero 
tangent vector u S TY. A G2-structure on Y is a nondegenerate 3-form <j) 
that is harmonic with respect to the Riemannian metric determined by (p. 
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Assume 4> G S7 3 (Y) is a G2-structure and denote ip := *4> G f2 4 (y). 
Fix a compact Lie group G and let A(Y) be the space of connections on a 
principal G-bundle over Y. For this discussion it suffices to think of A(Y) 
as the space of 1-forms on Y with values in the Lie algebra q = Lie(G). 
The Donaldson Thomas Chern Simons functional CS^ : A(Y) — > R 
is defined by 

CS^(A) := J csa (A) A ijj 

where Ao G A(Y) is a reference connection and csa (A) G Q 3 (Y) denotes 
the Chern-Simons 3-form 

cs Ao (A) := (aA (F Ao + §dA a + g[a A a])} , a := A - A . 

A critical point of CS^ is a connection A G A(Y) whose curvature -Fa satisfies 

F A Aip = 0. (21) 

A negative gradient flow line of CS 1 ^ is (gauge equivalent to) a pair, consisting 
of a smooth path M. — > A(Y) : s i— > A(s) of connection and a smooth path 
M — > ri°(y, g) : s i— >■ ^(s) of sections of the Lie algebra bundle, that satisfy 
the equation 

d s A - d A $ + *(F A A V) = 0. (22) 

The basic idea of Donaldson-Thomas theory in the G2 setting is to define 
Floer homology groups HF^ T (Y), generated by the gauge equivalence classes 
of solutions of (|2ip . with the boundary operator given by counting the gauge 
equivalence classes of solutions of ([22]) (see [H [5] ) • 

Now let M be a closed connected oriented 3-manifold, equipped with a 
volume form dvol^ and a normal regular divergence free frame v G i /ieg . 
Denote by a±, 02,03 the dual frame in Q 1 (M). Then the 2-forms Qj A aj 
are closed for all i and j (see Remark 11. 6p . Let S be a closed connected 
hyperkahler 4-manifold (i.e. either a 4-torus or a K3 surface) with symplectic 
forms a\ , o"2 , 03 and complex structures j\ , j'2 , J3 . These structures determine 
a nondegenerate 3-form (p on the product Y := M x S, given by 

:= dvoiM - "l A ai - a 2 A a 2 - a 3 A 0-3, 

•0 := dvols - «2 A «3 A (Ti - Q3 A «i A d2 - «i A 02 A 0-3. 

Here differential forms on M and E are identified with their pullbacks to 
Y = M x S. The Riemannian metric on M x E determined by </> is the 
product metric and the cross product is given by v\ x v 2 = V3 and ^ x Vi = ji£ 
for (GTE and i = 1,2,3. 
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Fix a principal G-bundle Q — > £ and consider the product G-bundle 
M x Q — s> M x £. Denote by A(T,) the space of connections on Q and by 
qq — > £ the Lie algebra bundle. Write a connection onRxMxS in the form 
A+$ds+Yli ^i a i with A:lxM -> ,A(£) and $, :RxM — >• ft°(£,rj Q ). 
Then equation (|22p has the following form (with e = 1) 



^02 + ^31 -£ _2 <i^,^2> =0, 
F 03 + F 12 -e- 2 <F A ,a 3 > = 0. 

Here F 0i = F A+<s>ds (d/ds,Vi) and F jk := F A+ $ ds (vj,v k ). Thus 

F 0l r^tf-fl^* + [*,¥«], 

F jk := d v .V k - d Vk ^j + + 5^Qi([uj,u fc ])*i. 



For general e equation (J24]) is obtained by replacing cij with e 2 <7j and dvols 
with e 4 dvols. Taking the limit e — > in ()24|) one obtains the equation 



d fl A - d A $ - ( 9 ViA - d A *i) o ii = 0, F+ = 0. (26) 



This is the unperturbed Fueter equation (I18p on R x M with values in the 
moduli space X = .M asd (£) of anti-self-dual instantons on £ with its stan- 
dard hyperkahler structure (see Remark 15.51 below). These observations 
suggests a correspondence between the Donaldson-Thomas-Floer homol- 
ogy groups HF^ T (M x £) and the hyperkahler Floer homology groups 
HF^ k (M, _A/f asd (£)), in analogy to the Atiyah-Floer conjecture [6]. 

Remark 4.1. (i) The 4-form ip in (j23|) is closed when A = dvolM^i, V2, V3) 
is constant, however, the 3-form 4> will in general not be closed. 

(ii) Consider the 7-manifold Y := M X £, where £ is a -RT3-surface and 
M is a closed oriented 3-manifold with b\ (M) < 2. Let ir : Y — >• £ be the 
projection. The following argument by Donaldson shows that V does not 
admit a G2-structure. On a G2-manifold there is a splitting of the space 
H 2 (Y) of harmonic 2- forms into the eigenspaces 



H 2 ' + (Y) := {r € H 2 (Y) \ * (<f> At) = 2r} = A a) | « £ i? 1 ^)} , 
ff 2 >-(F) : = {r € # 2 (Y) | * (<p A r) = -r} = {r € # 2 (Y) j ^ A r = 0} . 








(24) 
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The subspace H 2,+ (Y) is isomorphic to H l (Y) and, by definition, the qua- 
dratic form H 2 ~(Y) 1 : t 4 f y <fr A r A r is negative definite. In the 
case at hand, H 2 ~(Y) has codimension b\(Y) = b\{M) < 2, and hence 
intersects 7r*-ff 2,± (X!) nontrivially. Choose / £ // 2,± (S) such that 
7t*t = ' = G H 2 ~(Y) and r ± A ^ = ±dvol E . Then f Y <f> A tt*(t~ A r~) and 
J y <fi A 7r*(r + A r + ) have opposite signs, a contradiction. 

(iii) The argument in (ii) breaks down for M = T 3 and in this case the 
3- form (j) in (f23|) is indeed a G2-structure (for a suitable frame on T 3 ). 

(iv) Existence results for G2-structures were established by Joyce [22]. A 
question posed by Donaldson is, which 7-manifolds admit nondegenerate 
3-forms <p that are closed or co-closed, but not necessarily both. This is 
analogous to the question, which manifolds admit symplectic or complex 
structures, but not necessarily Kahler structures. 

Remark 4.2. The above setting extends naturally to general G-bundles 
over M x E. A homotopy class of maps from M to the moduli space .M asd (£) 
determines the relevant principal G-bundle over M x S. 

Remark 4.3. The discussion of the present section is closely related to 
several observations by Donaldson-Thomas in [3] and by Donaldson-Segal 
in [5]. In [U Section 5] Donaldson and Thomas discuss Spin(7)-instantons 
on a product S x S of two hyperkahler 4-manifolds S and S. They note 
that, shrinking the metric on S, leads in the adiabatic limit to solutions of 
the Fueter equation for maps u : S — >■ A / J asd (S). Taking S = lxM one 
arrives at equation (pi]) . In [U Section 6] Donaldson and Segal extend this 
discussion to a setting where MxEis replaced by a G2-manifold Y, and M 
is replaced by an associative submanifold of Y. This leads to an interaction 
between G2-instantons on Y and Fueter sections of the bundle of anti-self- 
dual instantons on the fibers of the normal bundle of M. Generically, such 
Fueter sections are expected to exist at isolated parameters in a 1-parameter 
family of G2 structures. The existence of nonconstant solutions of the Fueter 
equation for singular divergence free frames, as discussed in Section [lj seems 
to be a linear analogue of this codimension one phenomenon. 

5 The Gauged Fueter Equation 

Equation ([24]) extends naturally to a setting where the space of connections 
over E is replaced by a hyperkahler manifold (X, oji,u}2,oJ3, Ji, J2, Jz) and 
the group of gauge transformations over £ by a compact Lie group G, acting 
on X by hyperkahler isometries. Denote the action by (g, x) \— > gx and 



13 



the infinitesimal action of the Lie algebra g := Lie(G) by L x : g — > T X X. 
Thus L x £ : = Jj| t _ exp(i£)x for x G X and £ G g. Choose an invariant 
inner product on g and suppose that the action is generated by equivariant 
moment maps /^i,/J2jA*3 : X — > g, so that 

Ui(L x €,x) = (dm(x)x,£), LOi(L x £,L x ri) = (m(x), [£, r/]), 

for all x € £,77 6 g, and z = 1,2,3. Fix an oriented 3-manifold M 

with a volume form dvolM , a normal divergence free frame vi,V2,vz, and 
denote by at\,at2-, «3 S (M) the dual frame. Choose a principal G-bundle 
7r : P — > M, let .4, C g) be the space of connections on P, and let 

J- be the space of G-equivariant maps f : P X. There is a natural 1- 
form on A x P, which assigns to every pair (A, /) 6 i x 7 the linear map 
^A,/ : TaA x 7} J 7 -> M, given by 

*A,/ (A/) := J (Fa A A) 

~ E/ ("i(dAf(vi),f) + (»i(f),A(vi))) dvol M 

. v (27) 
- Mi(/),^(vi))dvolAf 



for i G P4.A = n^M.gp) and / G T/P = £l°(M,f*TX/G). Here the 
second sum runs over all cyclic permutations i,j, k of 1,2,3. The 1-form 
cLaJ '■ TP — > f*TX is the covariant derivative of / with respect to A, defined 
by (dAf)p(p) '■= df(p)p + Lf( p )Ap(p) for p G T p P. It is G-equivariant and 
horizontal (i.e. {dAf)p(pQ = for £ G g). Hence it descends to a 1-form 
on M with values in the quotient bundle f*TX/G —> M. To understand the 
term d A f{vi) G fi°(M, f*TX/G), choose G-equivariant lifts G Vect(P) 
of u j and observe that the section d^fivi) of the vector bundle f*TX — > P 
is G-equivariant and independent of the choice of the lifts. The resulting 
section of the bundle f*TX/G -> P/G = M is denoted d A f(vi). 

The group (J = <?(P) of gauge transformations acts contravariantly 
on A x P by g* A := g~ 1 dg + g~ l Ag and 5*/ := g~ l f ■ The covariant 
infinitesimal action of the Lie algebra il°(M, gp) = Lie(£/) is given by 
$ h-> (-d A $,L f <Z>) G Ta.4 x TjP. The 1-form fl27|) is ^-invariant and 
horizontal, in the sense that ^aj{~ dA&, Lf<&) = for all A, f, and $. 
Hence ^ descends to a 1-form on the quotient space B := (.A x J-)/Q. 
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Remark 5.1. The 1-form (|27p is closed. To see this, choose a smooth path 
I —¥ A x T : s i— > (A s , u s ). Think of A := {A s } s ^i as a connection on the 
principal bundle I x P over / x M, and of u as a G-equivariant map from 
I x P to X. The integral of ^ over this path is given by 

J(A,u)*V = J*a.j. (d s A,d s u) ds 

= I fo (^aAF a ) - V(u*w* - d(/ii(u), A» A i^dvolA 

The last integral is meaningful, because the 2-form u*uji — d(fj,i(u),A} on 
I x P descends to I x M. Since the integrand is closed, the integral is 
invariant under homotopy with fixed endpoints. If i(uj)dvoljvf = d(5i and 
CS : A — > R denotes the Chern-Simons functional, then ([27]) is the differen- 
tial of the action functional 

£^(A, f) := CS(A) + V / Pi A (f*u;i - d(ia(f),A)) . (28) 
i ^ M 

Remark 5.2. Given A £ A, define the twisted Fueter operator by 

for / € J 7 . Thus </> Av f is a section of the quotient bundle f*TX/G — > M. 
Then the zeros of the 1-form (|27l) are the solutions (A, /) € A. x F of the 
three-dimensional gauged Fueter equation 

$A,vf = 0, *F A = o _/>*«;• (29) 

i 

Here * denotes the Hodge *-operator on M associated to the metric (J7|). 
Thus *F A = F A (vj,Vk)ir*Oii, where the sum runs over all cyclic permu- 
tations k of 1,2,3. The gradient flow lines are pairs, consisting of a 
connection A = A-\- $ ds on R X P and a G-equivariant map «:RxP->l, 
that satisfy the four-dimensional gauged Fueter equation 

d s u + - Av u = 0, d s A-d A $ + *F A = ^(^01^*0!*. ( 30 ) 

i 

This is reminiscent of the symplectic vortex equations [U [2j [TSJ, [15] [25], EU 
[27]. Similar equations were studied by Taubes [33], Pidstrigatch [28], and 
Haydys [15] . The usual Fueter equation corresponds to the case G = {1}, the 
instanton Floer equation [11] to the case X = {pt}, the Donaldson-Thomas 
equation to the case X = A(E) and G = <?(£) (see Remark l5.5p . and the 
Seiberg-Witten equation to the case X = H and G = 5 11 (see Section [6]). 



15 



Remark 5.3. Define the energy of a pair (A, f) € A x T by 

£(A, f) := i f M (\d A f\ 2 + |i^| 2 + J] l^(«)[ 2 ) dvol M- (31) 

Then there is an energy identity 

\ J (l^4,t,/| 2 + \* F A ~ ^ Hi{u)ir* dvoU/ 

4 (32) 

= £(A /) + V / at A - A>) • 

i J M v y 

This is the gauged analogue of equation © . 

Remark 5.4. One can introduce an e-parameter in (|30|) as follows 

<9 s u + L u $ - ^ A}W u = 0, d s A - d A <& + *F A = e~ 2 ^(jh o n)vr*ai. (33) 

t 

In the limit e — > one obtains, formally, the equation 

d s u + L u & - $ A v u = 0, fii o u = fi 2 ° u = ^3 ° u = 0. (34) 

This corresponds to the four-dimensional Fueter equation on R x M with 
values in the hyperkahler quotient X//G := (/^(O) D /^(O) n /ig 1 (0))/G. 

Remark 5.5. The space := .4(E) of connections on a principal G-bundle 
Q over a closed hyperkahler 4-manifold (E, oi, o"2, 03, ji, j'2, J3) is itself a 
hyperkahler manifold. The symplectic forms uii € f2 2 (AQ and the complex 
structures Jj : TX — > TAf are given by 

uti{a, P) := j (aA^)A(Jt, J^a := *s(a A crj) = -a o jj 

for a,P G fi^E^g) = r A ^(S) and t = 1,2,3. The group = 0(E) of 
gauge transformations of Q acts on X = .4(E) by hyperkahler isometries 
and the moment maps //j : *4(E) — > Q°(Y,,qq) = Lie(£7(E)) are 

IH{A) := *e(F a A <n) = (F A ,<Ti), A e .4(E). 

If V = M x (?(£) is the trivial bundle with the infinite dimensional structure 
group £7(E) then (|33|) is equivalent to the Donaldson-Thomas equation (f24"|) 
on M x E. The function A : R x M ->■ .4(E) in ([Ml) corresponds to u 
in ([3"3"|) . while the functions ^ : R x M f2°(E, g Q ) in (gU) determine the 
path of connections A(s) := J2i^i( s ) a i G ^(M, Q°(E, gg)) in (H|. The 
hyperkahler quotient is the moduli space A.(T,) // Q (Ti) = .M asd (E) of anti- 
self-dual instantons on E. These observations extend to nontrivial <?(E)- 
bundles V — > M, arising from general G-bundles over M x E. 
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6 Relation to Seiberg— Witten Theory 



Let M be a closed connected oriented Riemannian 3-manifold. A spin c 
structure on M is a rank two complex hermitian vector bundle W — > M 
equipped with a Clifford action 7 : TM — > End(W). This action assigns 
to every tangent vector v G T y M a traceless skew-hermitian endomorphism 
j(v) of the fiber W y satisfying 

j(v) + j(v)* = 0, j(v)*j(v) = \v\ 2 l, 

and it satisfies 7(^3)7(^2)7(^1) = 1 for every positive orthonormal frame. 
A spin c connection is a hermitian connection on W that satisfies the Leib- 
niz rule for Clifford multiplication (with the Levi-Civita connection on the 
tangent bundle). Associated to a spin c connection V4 is a Dirac operator 

ft A : fi°(M, W) -> 0°(M, W) 

defined by 

i 

for / G Q°(M, W). Here vi, 112,1)3 is any global orthonormal frame of TM. 
The Dirac operator is self-adjoint and independent of the choice of the frame. 
The difference of two spin c connections is an imaginary valued 1-form. Let 
A(7) denote the space of spin c connections on W. The perturbed Chern 
Simons Dirac functional CSD,, : .4(7) x ft°(M, W) has the form 

CSD„(4 /) := J ((A - A )A(i ] + \{F M + Fa))) - \ J (f, p A f) dvol M . 

Here Aq G -4(7) is a reference connection, rj G Q, 2 (M, iR) is a closed 2- 
form, and F A := |trace(F V4 ) G ft 2 (M, iR). A negative gradient flow line of 
CSD,^ is a triple (A, <1>, u), consisting of a smooth path R — > .4(7) : s A(s) 
of spin c connections, a smooth path R — > Q°(M, iR) : s 1— >• $(s) of functions 
on M, and a smooth path R — > f2°(M, W) : s i-> u s = u(s, •) of sections of W, 
that satisfy the 4-dimensional Seiberg— Witten— Floer equation 

d s u + $u- p A u = 0, d s A-d$ + *(F A + rj) =7" 1 (K)o)- (35) 

Here (mt*)o : W — >■ W denotes the traceless hermitian endomorphism given 
by (uu*)oW := (u,w)u — ^\u\ 2 w, I denotes the complex structure on W, 
(•, •) denotes the real inner product on W, and 7 _1 ((uu*)o) := k\I"f(-)u, u). 
(See the book by Kronheimer-Mrowka [23] for a detailed account of Seiberg- 
Witten-Floer theory and its applications to low dimensional topology.) 
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Now let Vi,V2,Vs € Vect(M) be an orthonormal divergence free frame 
and let 01,02,03 € Q l (M) be the dual frame. For an orthonormal frame 
the divergence free condition can be expressed in the form 

V Vl v 1 + V V2 v 2 + V V3 v 3 = 0. (36) 

The frame induces a spin structure on the trivial bundle W := M x EI via 

7(ui) = Ji, « = 1, 2, 3, 

where J\ , J2 , J3 are the complex structures in ([2]) . (This is a spin structure 
because it commutes with all three complex structures I\, I2, 13 in ([2]).) The 
spin connection Aq G -4(7) of this structure is given by 

V Ao , v J = d v J + A ( Vi )f 

for / € n°(M, H) and j = 1,2, 3, where 

Ao(vi) := x{%iVj,v k )Ji + ^<V^fi,^)j fc - -(V Vi Vi,v k )jj 

for every cyclic permutation i,j, A; of 1, 2, 3. The curvature of Aq is traceless. 
A simple calculation, using (|36|) and the orthonormal condition, shows that 

PaJ = ?J + A /> A : = I E a *(N> «fc]), (37) 

where the sum runs over all cyclic permutations i, j, k of 1, 2, 3. Now consider 
the circle action on EI generated by the vector field x i-> — xi. This is the 
standard circle action associated to the complex structure I\ in ([2]). It 
preserves the hyperkahler structure determined by the complex structures 
Ji,J2,J3 an d the symplectic forms u)\, 6^2,^3 in ([8]). The moment maps 
Ml; ^2; : H — >■ iR of this action are given by /Xj(x) = ^cjj(— xi, a?). Hence 

7 _1 ((uu*) ) = - <-7(-)m, u) = ^ -Wj(-ui, u)oj = u ) ai - ( 38 ) 

By (f37|) and (|38|) . the Seiberg-Witten-Floer equation (|35|) has the form 
9 s u — u& — 0a v u = An, <9 S A - <i<I> + * (dA + 77) = ^(m, o u)oj. (39) 

i 

Here R -> fi x (M,iR) : s i-> A(s) is a path of imaginary valued 1-forms and 
the associated path of spin c connections is s 1— > Aq + A(s). With 77 = 
and A = this is the gauged Fueter equation (|30l) for X = H and G = S 1 . 
This correspondence extends to general spin c structures via the appropriate 
circle bundles over M. Replacing the circle by the group G = Sp(l), acting 
on EI on the right, one obtains the equations of Pidstrigatch-Tyurin [29j. 
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A Self- Adjoint Fredholm Operators 



Let H be a Hilbert space and V C H be a dense linear subspace that is 
a Hilbert space in its own right. Suppose that the inclusion V H is a 
compact operator. Denote the inner product on .ff by (•,•}, the norm on H 
by \\ x \\h := V ( x ' x ) f° r x G H, and the norm on 1/ by ||»||y for x £ V. 
Let o? 7 be the space of symmetric bounded linear operators A : V — >• H 
and Ql C ^ be the subset of self-adjoint operators. Thus a bounded linear 
operator D : V — >• i? is an element of £F if and only if (Dx, Q = -D£) for 
all i,(ey and, for every x £ H, the following holds 

sup - LA 7T — 1 — < oo x eV. (40) 

Every D £ ^ is a Fredholm operator of index zero and regular crossings of 
differentiable paths M — > & : s i— >• -D(s) are isolated. Proofs of these well 
known observations are included here for completeness of the exposition. 

Lemma A.l. Let D£y. Then the following are equivalent. 

(i) Dgf. 

(ii) (imD)- 1 - C V and i/iere is a constant c > suc/i i/iai, /or all x € V, 

INIv^cCII^IIh + INIh)- ( 41 ) 

(iii) D is a Fredholm operator of index zero. 

In particular, Ql is an open subset of 5^ in the norm topology. 

Proof. We prove that (i) implies (ii). Assume D G Ql. By (j4"0|) (imD) 1 C V. 
We show that the graph of D is a closed subspace of H x H. Let x n € V and 
x,y £ H he such that lim n _ i . 00 ||x — Xnlljj = and lim n _4oo \\y — Dx n \\ H = 0. 
Then (x,D£) = ]ha n -^ <x (x n , £>£) = lim n _ >(X) (Z)a; n , £) = for € £ V. 

Hence x E V by (|40p and, since D is symmetric, it follows that Dx = y. 
Thus D has a closed graph. Now V — > graph(L>) : x t— > (x, Ax) is a bijective 
bounded linear operator and so has a bounded inverse. This proves (|4ip . 

We prove that (ii) implies (iii). Since V ^ H is a compact operator, it 
follows from (|41j) that D has a finite dimensional kernel and a closed image 
(see \2A\ Lemma A. 1.1]). Since (ini-D) C V and D is symmetric, it follows 
that (imD)^ = ker D. Hence dim coker D = dim ker D. 

We prove that (iii) implies (i). Let D 6 5? be a Fredholm operator of 
index zero. Then D has a finite dimensional kernel and a closed image. 
Since D is symmetric, ker D C (im.D) . Since D has Fredholm index zero, 



19 



ker D = (imD) and hence imD = (ker D) . Now let x G H and suppose 
that there is a constant c such that |(x,-D£)| < c||^||^ for every t; £V. By 
the Riesz representation theorem, there exists an element y G H such that 
(x,D£} = for £ G V. Choose yo G ker Z? such that y — yo _L ker D. 

Then y — yo G imD. Choose xi G V such that Dxi = y — yo- Then 
(x - xi,Dg) = (y,g) - (Dxi,g) = (yo,£) for every £ G V. Given £ e V 
choose £o G ker D such that £ — £o -L kerL>. Then 

(x-xi,^) = (x-x u D(c-c )) = < yo ,e-£o> = o. 

Hence x — x\ G (imD)- 1 - = ker flcy and hence x G V. 

Since (i) and (iii) are equivalent it follows from the perturbation theory 
for Fredholm operators (see |24| Theorem A. 1.5]) that Si is an open subset 
of 5? with respect to the norm topology. This proves Lemma lA.li □ 

Let I C R be an open interval and I->f :s4 D(s) be a continuous 
path with respect to the norm topology on S. The path is called weakly 
different iable if the map I — > R : s i— > <|x, D(s)£} is differentiable for every 
x £ H and every £ G V. A crossing is an element s G I such that -D(s) has 
a nontrivial kernel. A crossing s G I is called regular if the quadratic form 
T s : ker D(s) — )• R, defined by r s (£) := D(s)£), is nondegenerate. 

Lemma A. 2. Let I — > S : s i— > -D(s) 6e a weakly differentiable path of self- 
adjoint operators and let sq G I 6e a regular crossing. Then there is a 5 > 
suc/i £/ia£ -D(s) : V — )• H is bijective for every s G I with < \s — sq\ < 8. 

Proof. Assume without loss of generality that so = 0. By Lemma [A. II there 
is a constant c > such that 

\\x\\ v <c(\\D(s)x\\ H +\\x\\ H ) (42) 

for every x G V and every s in some neighborhood of zero. Shrinking /, if 
necessary, we may assume that (142p holds for every s£l. 

Assume, by contradiction, that there is a sequence s n G I such that 
s n — > and D(s n ) is not injective for every n. Then there is a sequence 
x n G V such that D(s n )x n = and ||x n ||# = 1. Thus ||x n ||y < c by ([32"]) . 
Passing to a subsequence we may assume that x n converges in H to xq. Then 
\\xq\\ h = 1 and (x ,D(0)£) = lim n _ i . 00 (x n , D(s n )£) = for ( £ I'. Hence 
xo G ker -D(O). Moreover, for every £ G ker D(0), the sequence D{s n )^/s n 
converges weakly to -D(0)£ and is therefore bounded, so 

(£>(())£, x > = lim ( ,x ) = hm ( ,x n ) = 0. 

n— >oo \ S n / n-*oo \ S n / 

This contradicts the nondegeneracy of Tq and proves Lemma IA.21 □ 
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Let / be a compact interval and / — > & : s t— > D(s) be a weakly differ- 
entiable path with only regular crossings such that D(s) is bijective at the 
endpoints of /. The spectral flow is the sum of the signatures of the cross- 
ing forms r s over all crossings. It is invariant under homotopy with fixed 
endpoints and is additive under catenation. (See [HT] for an exposition.) 

B Divergence Free Frames 

Let M be a closed connected oriented 3- manifold and dvolM £ fl 3 (M) be a 
positive volume form. Denote the set of positive frames by 

& ■= { v = (vi,v 2 ,v 3 ) G Vect(M) 3 \dvo\ M (vi,v 2 ,v 3 ) > 0} 

and the set of divergence free positive frames by 

f := {v G & | di(^)dvol M = for i = 1, 2, 3} . 

Given three deRham cohomology classes 01,02,03 G -ff 2 (M;R), denote the 
set of divergence free positive frames that represent the classes aj by 

% := {v G V I [i(^)dvol M ] = at for i = 1, 2, 3} . 

The following theorem is an application of Gromov's h-principle and is 
proved in [181 page 182] and [7J Corollary 20.4.3]. Although the result is 
stated in these references in the weaker form that every frame can be de- 
formed in & to a divergence free frame, the proofs give the stronger result 
stated below (as explained to the author by Yasha Eliashberg). 

Theorem B.l (Gromov). The inclusion % ^ & is a homotopy equiva- 
lence for all a\, 03 G H 2 (M; R), and so is the inclusion V M- & . 

Lemma B.2 (Gromov). Let S : M 3 x R 3 — > R 3 be a skew- symmetric 
bilinear map. Let 1Z C Hom(R 3 , End(R 3 )) be the set of all linear maps 
L : R 3 —> End(R 3 ) that satisfy the nondegeneracy condition 

(w,S(u,v)+L(u)v-L(v)u) = V«,wGR 3 =► w = (43) 

for every w G R 3 . Fix a 2-dimensional linear subspace £cl 3 and a linear 
map A : E End(R 3 ). Define 

£:= {L G Hom(R 3 , End(R 3 )) | L\ E = A} . 

If C fl 1Z is nonempty, then it has two connected components and the convex 
hull of each connected component of C fl 1Z is equal to C 
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Proof. The proof is a special case of the argument given by Eliashberg- 
Mishachev in [7J pages 183/184]. Write S in the form 

S(u,v) =: ^mvjSij, Sij = -Sji G R 3 , 

i<j 

and write a linear map L : R 3 -> End(M 3 ) in the form 

3 

L{u)v = u^jLij, Lij G M 3 . 

Then L G 7£ if and only if 

det(S 23 + ^23 - L 32 , S 3 i + L 31 - Lis, Su + L 12 - L 2 i) + 0. (44) 

Denote by 7Z + , respectively 1Z~ , the set of all L G 7£ for which the sign of 
the determinant in (|44p is positive, respectively negative. 

Assume without loss of generality that E = {x G M 3 | xi = 0} and fix a 
linear map A : E -> End(M 3 ). This map is determined by the coefficients Ljj 
with i = 2, 3. If + L23 — L32 = then the determinant in (|44p vanishes 
for every L £ C and so £ n 72- = 0. Hence assume S23 + L23 — L32 ^ 0. 
Then £ n 7£ + and £ n 1Z~ are connected. Choose x,y G M 3 such that 
det(,f>23 + L23 — L 3 2,x,y) > 0. Then, for i > sufficiently large, 

det (S23 + L 23 ~ L 32 , S31 + te, ^ + ty) > 0, 
det (S23 + L 23 - L 32 , S31 - tx, Su - ty) > 0. 

Given L G C choose L', L" G C such that 

L'u = Ln, L' 12 '■= L21 + ty, L' 13 := L31 — tx, 
L'[i = L n , L'[ 2 := L 2 i - ty, L'{ 3 := L 31 + tx. 

Then V , L" G £n^+ and L = \(L' + L"). Hence the convex hull of CnK + 
is equal to C A similar argument shows that the convex hull of C D 7Z~ is 
also equal to C This proves Lemma lB.2i □ 

Proof of Theorem \B. 1\ Fix a Riemannian metric on M, let a G H 2 (M;R) S , 
and let <7j G Q 2 (M) be the harmonic representative of aj, i = 1,2,3. Define 

:= {/? = /3 2 , /3 3 ) G fi^M) 3 | cr* + d& are linearly independent} . 

Let 7r a : -> f a be the projection defined by vr a (/3) = v for /3 G J^, where 
i(ui)dvolM := + This is a homotopy equivalence. A homotopy inverse 
assigns to v G the unique co-closed triple of 1-forms f3 G 7r~ 1 (u). 



22 



Consider the vector bundle X := T* M ®T* M ®T* M over M and denote 
by the 1-jet bundle. Use the Riemannian metric on M to identify X^ 
with the set of tuples (y, Pi, Pi, Ps, L±, L2, L3) with y G M, Pi G T*M, 
and Lj G Hom(T y M, T*M). Denote by ^ a C the open subset of all 
(y, P, L) G A^) such that the 2-forms t» G A 2 T*M, defined by 

Ti(u,v) := ai(u,v) + (Li(u),v) - (Li(v),u), i = 1,2,3, (45) 

are linearly independent. Denote by the space of sections of Thus 
an element of 5^ a is a tuple (P, L) = (Pi , P2 , P3 , Li, £2,-^3) with G r^ 1 (M) 
and ^ G ^ 1 (M,T*M) such that the 2-forms t» G ft 2 (M), defined by g5]) 
are everywhere linearly independent. Then is a bundle over & . The 
projection 7r a : ,5^ a — > & is given by n a (P,L) = v, where t(«j)dvoljvf := Tj 
and Tj is as in (|45p . This map is a homotopy equivalence. A homotopy 
inverse of ir a is the inclusion i a : & — > y a given by i a (v) := (0, L), where 
Li(u) := I (dvoljvf(uj, u, •) — o"i(-u, •)). Namely, 7r a o t a = id : J? — > both 
maps are linear between open subsets of topological vector spaces, and the 
kernel of 7r a is the space of tuples (/3, L) such that each Lj is symmetric. 
The previous discussion shows that there is a commutative diagram 

^ 

where the vertical maps are homotopy equivalences and the differential op- 
erator <3 a : -> y a is given by ^ a /3 := (/3, V/5). Thus is the space of 
all sections p oi X such that £F a /3 satisfies the differential relation M a . By 
Lemma TB.2( ^ a is ample in the sense of page 167]. Hence M a satisfies 
the the h-principle (see Theorem 18.4.1]). In particular, every section of 
£% a is homotopic, through sections of & a , to a section of the form (/3, V/3). 
Equivalently, every frame v G & can be deformed within & to a diver- 
gence free frame in In fact, by the parametric h-principle, the inclusion 
®a ■ <%fa — > -5^a induces isomorphisms on all homotopy groups, and is there- 
fore a homotopy equivalence (see [7J 6.2.A]). Hence the inclusion y a ^ & 
is a homotopy equivalence. 

To explain the extension of this result to the inclusion of V into & , it is 
convenient to spell out the details of the parametric h-principle in the present 
setting. Choose a smooth manifold A and a smooth map a : A — > H 2 (M; R) 3 . 
Consider the vector bundle 

A := A x T*M © T*M T*M — > M := A x M. 
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Define Si C X^ as the set of tuples (A, y, 0\, 02, 03, L\, L2, L3), with A € A, 
y G M, 0i G T*M, and Lj G Hom(T A A x T y M, T*M), such that the 2-forms 
T~i = € A 2 T*M in (f4"5j) are linearly independent. Here <Tj = <7A,j is the 
harmonic representative of the class otj(A) and Lj € Hom(T y M, T*M) is the 
restriction of Lj to x T y M. Define the operator £F from sections of X to 
sections of X^ as the covariant derivative &0 := (0,X70). Let be the 
space of sections of !% C A^ 1 ) and denote by ffl its preimage under 5?. Thus 
an element of 3^ is a map A ->■ Q 1 (M) 3 : A i-> /3 A such that the 2-forms 

TA,i := 0A,i + ^A,i, i = 1,2,3, (46) 

are everywhere linearly independent for every A. An element of 5? is a 
smooth section that assigns to A 6 A a tuple 

(/5a,i>/5a,2,/5a,3,£a,i^a,2,£a,3) G 1 (M) 3 xHom(T A A,0 1 (M,r*M)) 3 (47) 

such that the 2-forms t\, i € f2 2 (M) , defined by (|45j) , are everywhere linearly 
independent for every A G A. As before there is a commutative diagram 




Here ~f is the space of maps A — > "V : A 1— > u A such that w A G ^j(a) an d ^ 
is the space of all^smooth maps from A to J? ' . The projection tt : J4? — > if, 
respectively tt : 5? — > ^ , assigns to the section A 1— > 0\, respectively (|47p. 
the section A 1— > v\ with i(v\ t i)dvolM = t\u where is given by (|46p. 
respectively (|45j) . Both projections are homotopy equivalences. 

By Lemma IB.2[ the open differential relation Si is ample. Hence it 
follows from the h-principle in Theorem 18.4.1] that every smooth map 
from A to & can be deformed within & to a smooth map A — > V : A 1— >• v \ 
that satisfies v\ G %(a)- With A = S'' 2 this implies that the homomorphism 
7Tfc(%) -> 7Tfe(^) i^surjective for all 01,02,03 G i/ 2 (M;M). 

The relation ^ also satisfies the relative /i-principle in [7J 6.2.C]. For 
the (k + l)-ball A = with boundary dB k+1 = S k this means that, 

if a map S k — > "V C & extends over B k+l in ^ , and one chooses any 
smooth extension of the projection S k — > ~f — > iif 2 (M;M) 3 over B k+1 , then 
this extension lifts to a smooth map B k+1 — > if, equal to the given map 
over the boundary (and homotopic to the given map in j^). Hence the 
homomorphism TTk(^f) — > 7rfe(^) is injective. This proves Theorem lB.il □ 
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